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Formulation of a two-scale transport scheme for the turbulent mix induced by Rayleigh-Taylor
and Richtmyer-Meshkov instabilities
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We develop a two-scale transport model for the turbulent mix induced by Rayleigh-Taylor and Richtmyer-
Meshkov instabilities. We generalize the buoyancy-drag model by adding an energy equation for a more
complete description of the generated interpenetration between heavy and light fluids. The generalized
buoyancy-drag model, in turn, provides an appropriate source to the two-equation turbulence model, which is
most suited for the induced turbulent flows. The two-scale transport model has been validated and several
illustrative examples will be presented.
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I. INTRODUCTION

The Rayleigh-Taylor instability~RTI! @1,2# and the
Richtmyer-Meshkov instability~RMI! @3,4# play prominent
roles in many important scientific and engineering appli
tions. For a supernova event@5#, the gravitational pressur
from the outer surface of the star leads to the ignition a
explosion of the core. This process generates a shock w
toward the outer shells of different densities. The RMI o
curs at the perturbed interface separating two fluids of dif
ent densities with an impulsive acceleration from the sh
wave. For an inertial confinement fusion~ICF! target@6#, the
dense shell is filled with deuterium-tritium~DT! gas and will
be imploded by irradiation methods including laser beam
The RTI occurs whenever a lower density fluid support
higher density fluid against acceleration. These hydro
namic instabilities may break up the shell and therefore p
vent the ignition of the ICF DT fuel.

Despite the intensive efforts to develop increased com
tational capabilities, the turbulence transport models rem
the most viable approach for the solution of practical as
physics and ICF problems. The reason for this state of aff
becomes abundantly clear when one considers the difficu
of achieving the required high Reynolds number for the m
ing transition to the turbulent mix and of obtaining the d
sired turnaround time for engineering calculations. Th
problems, taken together with the fact that the transport m
els can be incorporated into most ICF or astrophysics c
puter codes, constitute the major reason for the popularit
pursue this approach.

In this paper, we will formulate a transport model th
incorporates advanced features of both the buoyancy-
and turbulent two-equation models. The framework of
two-scale system provides a description of the interpene
tion between the heavy and light fluids along the interfa
and the production of mostly isotropic turbulent flows, whi
will be represented by a two-equation turbulence model. T
transport model obtained in this study will be shown to yie
improved results for both the RTI and RMI induced turbule
flows.
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II. EVALUATION OF EXISTING MIX MODELS

Our modeling efforts have been guided by a compreh
sive consideration of existing models used for computing
turbulent mix induced by the RTI and RMI. We will review
the aspects of various models with an increased orde
complexity.

The buoyancy-drag model@7#, which computes the evo
lution of the amplitudes of the mixing region, is the wor
horse of many practical mix calculations. Youngs~summa-
rized in the Appendix of Hansonet al. @8#!, Shvartset al. @9#,
Dimonte @10#, and Cheng, Glimm, and Sharp@11# are ex-
amples of published paper describing the buoyancy-d
models. Briefly, the buoyancy-drag model is essentially
equation of motion that balances the inertia, buoyancy,
Newtonian drag forces. The growth of the mixing regio
depends on the density ratio~therefore, the Atwood number!
and the acceleration history. This model is appropriate for
inhomogeneous and anisotropic nature of the interfaces
construction. However, turbulence is not treated directly
the buoyancy-drag model. Furthermore, the buoyancy-d
model should be expanded to incorporate additional phys
such as the adiabatic work~pdV!.

We also noted the oversimplification in the tradition
two-equation turbulence model@12,13# for the mix calcula-
tion. The typical governing equations are the turbulent
netic energyK and the dissipation rate equation«. Alterna-
tive two-equation models are based on the solution o
modeled transport equation for an integral length scale~the
K-L model @14#!. The two-equation model can be quite r
markably successful in describing fully developed turb
lence, but it may be inherently challenged in dealing with t
production of turbulence from the interfacial instabilitie
Specifically, we stress@15# that these two-equation turbu
lence models are isotropic, but the turbulent flows induc
by hydrodynamic instabilities are both inhomogeneous a
anisotropic.

The multifluid based turbulence model@16#, theoretically
speaking, could be most complete and accurate. This typ
model, however, could also be demanding in both the imp
mentation and numerical computation. Youngs@17,18# devel-
oped such a model. In Youngs’ approach, turbulence is m
©2002 The American Physical Society03-1
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eled by a classical version of the two-scale equation@19#.
Multifluid based numerical calculations, by their nature, co
stitute direct computations of the interpenetrations betw
the heavy and light fluids that require significant compu
tional time in comparison with the single velocity based n
merical simulations. It appears that the multifluid mod
should be subject to further development and validation
process that brought the single fluid turbulence models
maturity. The significantly increased number of required c
stants necessary for the multifluid model equations dem
careful calibrations against appropriate experimental dat
numerical simulations. Also, Youngs’ approach does not c
ture the small amplitude growth phase.

III. FORMULATIONS OF TWO-SCALE TURBULENCE
MODEL

We will restrict ourselves to a single velocity framewo
because of the desire to preserve a relatively quick tu
around time of the ICF calculation and relative ease
implementation in the code structure.

Our transport model, therefore, is an attempt to reco
the physics of multifluid based turbulence models, but us
a considerably simpler system based on a single velo
framework.

We develop a two-scale model, in spirit of Hanjali´,
Launder, and Schiestel@20# and Schiestel@21#, to partition
the turbulent mix induced by the RTI and RMI into tw
distinct regions identified asB ~generalized buoyancy-dra
model description! andT ~turbulence model description!, re-
spectively. The two-scale model treats dynamics of interp
etrations between the heavy and light fluids in theB region
using two equations~a buoyancy-drag model and an ener
equation for the buoyancy-drag description!. It is widely ac-
cepted that the turbulent length and time scales dep
strongly on the flow configuration under consideration. Co
sequently, two-equation models, where transport equat
are solved for two independent quantities directly related
the turbulent length and time, represent the minimum
cepted level of closure@22# for both B and T regions. The
interfacial region,B, also provides the source term to th
turbulence regionT.

We now generalize the buoyancy-drag model by add
an energy equation for a more complete description of thB
region for the generated interpenetration between the he
and light fluids.

A. B region: Original buoyancy-drag model

The standard buoyancy-drag model@7–11# takes the form

dVi

dt
2bAg52CD

r i

r11r2
Vi uVi u

1

hi
. ~1!

Here Vi5dhi /dt, wherehi is the amplitude, andi 5b cor-
responds to bubbles andi 5s represents spikes. The Atwoo
number isA5(r22r1)/(r21r1) and g is the acceleration
r2 andr1 are the density for heavy and light fluids, respe
tivel. b depends onh, A, and wavelengthl. CD52.5 is the
drag coefficient.
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The amplitudes for the growth of bubbles and spikes,hi ,
can be deduced from the definitionVi5dhi /dt. It is then
appropriate to make the correspondence between
buoyancy-drag model and the governing equation for
length scale of the generalized buoyancy-drag description
gion.

B. B region: Energy equation for the buoyancy-drag
description

Moreover, a new equation for the energyEB should be
developed for theB region of interpenetration between th
heavy and light fluids in order to incorporate additional phy
ics, such as thepdv work and diffusion transport.

We now show that the governing equation forEB can be
deduced from the standard transport model@12#, which was
developed to provide the computation of the specific tur
lent kinetic energy and to account for some limited nonlo
and historic effects in the determination of the turbule
transport coefficients. The transport equation is written a

r
DEB

Dt
52PB¹WLU1

]

]xi
~rDJ B•¹W EB!1SB2r«B ~2!

whereD/Dt5]/]t1ūi]/]xi denotes the substantial deriva
tive. HereL is the direction of normal to the interface andPB

is the pressure along the interface.SB5rwW •UW is a source,
whereUW 1wW is the volume-weighted velocity.«B5EB

3/2/LB

is the dissipation of energy into the turbulence regionT. The
form of the diffusion tensorDW will be defined later. The
simplification of the standard one-equation model@12# in-
volves omitting the production of kinetic energy resultin
from the Reynolds stress.

Now, in the case where we may justifiably limit our a
tention to a single, dominant lengthLB5max(hb ,hs),

r
DEB

Dt
52PB¹WLU1¹W •rDJ B•¹W EB1SB2r

EB
3/2

LB
, ~3!

where the loss of energy to turbulence is given@12# by «B .

C. The momentum equation

r
DU

Dt
52¹~P1Q1PT!2¹LPB ~4!

whereP and PT are the hydro and turbulence pressures,
spectively. We introduceQ to denote the artificial viscosity
~see, for example, Ref.@23#!. The concept of artificial viscos
ity is introduced into the inviscid Euler equations in order
automatically ‘‘capture’’ shock wave discontinuities.

Now within the turbulence region, it is reasonable to a
sume that the turbulent flow is both homogeneous and
tropic when the Reynolds number is high. As a result,
standard two-equationK-« model@12# is appropriate for this
case, where transport equations are solved for two indep
dent quantities, providing the minimum accepted level
closure@22#. The generalized buoyancy-drag model provid
an appropriate source from the interfacial region to the t
3-2
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bulence region. This should compare to the work of Gauth
and Bonnet@13# where only aK-« model is used to study th
turbulent mix.

D. T region: The kinetic energy equation

The source of the turbulent kinetic energyK is provided
by the energy equation of the generalized buoyancy-d
modelrEB

3/2/LB ,

r
DK

Dt
52PT¹W •UW 1¹W •rDJ K•¹W K1r

EB
3/2

LB
2r«. ~5!

The governing equation for the dissipation rate« is given
next. PT is the pressure from turbulence.

E. T region: The dissipation rate equation

r
D«

Dt
52

2

3
r«¹W •UW 1¹W •rDJ e•¹W «1C«1r

EB
3/2

LB

«

K

2C«2r
«2

K
. ~6!

The production of the dissipation rate has a similar forma
that of the turbulent kinetic energy equationrEB

3/2/LB«/K. In
Eq. ~6!, C«151.44, andC«251.92.

Apart from the source term, ourK-« model is standard
and well documented@12#.

F. The internal energy equation

The dissipation of the kinetic energy is converted into
internal energyi, which has the following form:

r
Di

Dt
52~P1Q!¹W •UW 1~P1Q!¹W •w̄1¹W •rDJ i•¹W i 1r«,

~7!

where constants i50.9.

G. The diffusion coefficient

The diffusion term is primarily responsible for the sprea
ing of the mixing zone. A major outcome of the present stu
is the tensorial form of the diffusion coefficient

DJ x5DL̂L̂1DxÎ Î , ~8!

whereL̂ is the direction normal to the surface,x5B,K,e,i ,
and the diffusion coefficients are determined from two go
erning equations of theB andT regions below, respectively
As a result, the two-scale mix model can be applied direc
to either two or three dimensions.

The turbulence diffusion coefficient is

Dx5
Cm

sx

K2

«
. ~9!
05630
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We have designed the diffusion coefficient within theB re-
gion to maintain a linear volume fraction distribution in
symmetrically growing one-dimensional mix region. Mult
plying this by a constant less than unity then allows one
obtain the usually desiredS shaped curve. The diffusion co
efficient is calculated in any geometry solely by solving t
diffusion equation given the mix region boundary and
local growth rate normal to the boundaryḣ.

In generalD(xW ) is found by solving

¹2D1S50, ~10!

where D~xW !50 on mix region boundaries. HereS is
is obtained from

¹2S50,

where S(xW )52ḣA/B on the boundaries andA/B is the
surface to volume ratio of the mix region.

For the symmetrical one-dimensional case (2h<x<h),

S~2h!5
ḣ

h
and S~h!5

ḣ

h
, ~11!

so that

S~x!5
ḣ

h
~12!

and

D~x!5M
ḣ

2h
~h2x!~h1x!, ~13!

with typical valueM50.6. By substitution one shows tha
this maintains a linear volume fraction distributionf (x) from

ḟ 5
]

]x FD~x!
] f

]xG , ~14!

where

f 5
1

2 S 11
x

hD , ~15!

ḟ 52
ḣ

2h2 x. ~16!

A referee called to our attention that the diffusion coefficie
determined above is essentially the same as that reporte
Alon and Shvarts@24#. Cheng, Glimm, and Sharp@25# also
presented a derivation of the diffusion coefficient which
similar, but not identical to that derived in this paper a
discussed by Alon and Shvarts@24#.

H. Standard K-« model constants

All of these constants adopted for our model are also s
dard and have been used routinely in engineering calc
tions. The values of these constants were obtained from c
3-3
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fully designed physical experiments@12,13#. We now collect
all the model constants for theK-« turbulence models,

Cm50.09, sK50.87, s«51.30, s i5.90,

C«151.44, andC«251.92.

IV. COMPARISON AGAINST RTI AND RMI
EXPERIMENTS

We will first compare our model against a turbule
Rayleigh-Taylor instability experiment by Dimonte an
Schneider@26#. The impulsive acceleration experiment w
conducted using a linear electric motor~LEM! with incom-
pressible immiscible fluids. The density ratio between

FIG. 1. ~a! Time ~ms! evolution of the thickness of the turbulen
mixing zone~cm!. Results of the LEM measurement are shown
triangles ~spikes! and circles~bubbles!. Results from our mode
calculation are shown in solid and dashed lines, respectively.~b!
The early time evolution of the mixing zone amplitude and t
impulse acceleration of the LEM experiment. The early time e
lution of the amplitude is used to calibrate the drag coefficient
to pick the initial amplitude@the curves show the different attemp
that lead to the result reported in~a!#.
05630
e

heavy and light fluid is 23.4, which leads to 0.92 Atwoo
number. The light fluid is pressurized SF6 gas and the heavy
fluid is a hydrocarbon~Freon! because the surface tensio
are low. In Fig. 1~a! we illustrate that the model calculation
can produce good agreements with experimental data on
mixing fronts for the penetrations of the bubbles and spik
The shape of the impulse and the early growth of the am
tude are illustrated in Fig. 1~b!. The initial wavelength is
estimated based on the values measured in the experim
The initial amplitude and the drag coefficient~2.5! are cho-

-
d

FIG. 2. Time evolution~ms! of the thickness of the turbulen
mixing zone~mm!. The result from the shock-tube measuremen
illustrated by triangles. The model calculation is shown by so
line. Also shown are the model calculations of the bubble~dashed
line! and spike~dotted line! amplitudes

FIG. 3. The distribution of the average density profile in t
mixing zone. Results of the constant acceleration experimen
Kucherenkoet al. are shown by triangles. The model calculation
in shown by solid line.
3-4
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sen to fit the initial growth of the mixing width envelop
measured by the LEM experiment. Also shown in Fig. 1~b!
are several curves from which we studied the sensitivity
the model to the different model parameters, such as the
coefficient and initial amplitude.

We also compare our model calculation against
Richtmyer-Meshkov instability experiment conducted
Vetter and Sturtevant@27#. The experiment was performed i
the 17-inch-diameter horizontal shock tube with an imp
sively accelerated plane interface between air and SF6 . The
shock tube used had a larger test section than in prev
experiments so that the influence of the shock wa
boundary-layer interactions is no longer dominant. The Ma
number is 1.5. Again, we demonstrate in Fig. 2 that o
model calculation is in good agreement with experimen
data. Note that in this experiment, there is a reshock.
model has a shock detection mechanism based on the
Q/P. The velocity difference is obtained by integrating ov
the zones and the resulting value is employed in the so
term of the buoyancy-drag model at the end of shock p
sage.

Finally, we turn our attention to inspect the performan
of our model against a constant acceleration experiment
ducted by Kucherenkoet al. @28#. Accurate data were ob
tained from the facilities~EKAP and SOM—complex tes
benches to study turbulent mixing with application of pu
x-ray methods, and pulse light methods, respectively! located
at the All-Union Research Institute of Technical Physi
Chelyabinsk, Russia. Special care with experimental co
tions was taken to ensure that the possible deviations f
the self-similar mode of mixing are minimized. Indeed, t
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late time solution of our model reproduced thehi5aAgt2

behavior. In Fig. 3, we compare our model calculati
against the experiments regarding the distribution of the
erage density in the mixing zone. The Atwood number is 0
Again, our model has shown excellent agreement with
perimental results.

V. SUMMARY

In summary, we have developed a two-scale transp
model for the turbulent mix induced by the Rayleigh-Tayl
and Richtmyer-Meshkov instabilities. We generalize t
buoyancy-drag model by adding an energy equation fo
more complete description of the generated interpenetra
between the heavy and light fluids. The generaliz
buoyancy-drag model provides an appropriate source to
two-equation turbulence model. The two-scale transp
model has shown to agree well with the impulsive accele
tion experiment from the linear electric motor~LEM! @26#
the Richtmyer-Meshkov experiment data from the Ma
number 1.5 shock tube at Caltech@27#, and finally, the con-
stant acceleration Rayleigh-Taylor experiment at the
Union Research Institute of Technical Physics, Russia@28#.
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